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We show that an electric field applied to a strained topological Dirac semimetal, such as Na3Bi
and Cd3As2, induces a spin Hall current that is quadratic in the electric field. By regarding the
strain as an effective “axial magnetic field” for the Dirac electrons, we investigate the electron and
spin transport semiclassically in terms of the chiral kinetic theory. The nonlinear spin Hall effect
arises as the cross effect between the regular Hall effect driven by the axial magnetic field and the
anomalous Hall effect coming from the momentum-space topology. It provides an efficient way to
generate a fully spin-polarized and rectified spin current out of an alternating electric field, which
is sufficiently large and can be directly tuned by the gate voltage and the strain.
The idea of spin current has significantly developed the
field of nanoscale condensed matter physics, in particu-
lar of spintronics [1–3]. Spin current plays an important
role in controlling and detecting magnetization in mag-
netic nanostructures. The spin Hall effect (SHE) is one
of the ways to obtain a spin current, in particular a pure
spin current transverse to the injected charge current [4–
6]. Its reciprocal effect, namely the inverse SHE (ISHE),
converts the injected spin current into a charge current,
which is useful in detecting a pure spin current [7–9]. The
SHE is efficient in that it does not require any ferromag-
netic material, which makes the system free from stray
magnetic field.
The origin of the SHE can be classified into the ex-
trinsic and intrinsic mechanisms. While the extrinsic
mechanism is triggered by spin-asymmetric scattering at
impurities with spin-orbit coupling (SOC) [10–12], the
intrinsic effect originates from the nontrivial band topol-
ogy due to SOC [13, 14]. Since SOC violates the spin
conservation, the spin current generated by the intrinsic
SHE usually gets suppressed as it flows by a long dis-
tance. However, in some topological materials such as
HgTe quantum well, the spin-orbit field (approximately)
preserves U(1) spin symmetry by a certain quantization
axis (e.g. Sz), yielding a spin Hall current that is fully
polarized along the quantization axis. Its spin Hall con-
ductivity is quantized, which is related to the Z2 topology
of the eigenstate [15–17].
In three dimensions (3D), topological Dirac semimet-
als (TDSMs) [18, 19], such as Na3Bi [20] and Cd3As2
[21], show the intrinsic SHE protected by Z2 topol-
ogy. TDSMs are characterized by pair(s) of Dirac points
(DPs/valleys) separated in momentum space, which are
protected by rotational symmetry around an axis. The
intrinsic spin Hall conductivity is determined by the sep-
aration of the DPs in momentum space [22–25], which is
analogous to the anomalous Hall effect (AHE) in a Weyl
semimetal (WSM) with broken time-reversal symmetry
(TRS) [26, 27]. The intrinsic SHE in TDSM is thus ro-
bust against disorders in bulk, and the value of spin Hall
conductivity is fixed for each material.
Therefore, in order to tune and enhance the spin Hall
current from its fixed value in TDSM, we need to go be-
yond the linear response regime with respect to the elec-
tric field, which is neccessary in making use of TDSM as
an efficient spin current injector. Nonlinear spin current
generation is important for device application in that it
generates a rectified (stationary) spin current from an
alternating electric field, or a light, which has been pro-
posed in transition metal dichalcogenides [28] and 2D
Rashba–Dresselhaus systems [29]. Moreover, the nonlin-
ear transport is important also from the topological point
of view; a recent study has shown that the momentum-
space Berry curvature gives rise to the nonlinear Hall
transport [30]. For Dirac/Weyl semimetals, in particu-
lar, nonlinear charge current generation is proposed in
several hypothetical setups, in which the strong Berry
flux around the Dirac/Weyl points gives rise to the non-
linear current [31, 32]. Nonlinear spin current generation
might be of equal significance in Dirac/Weyl semimetals,
although it has not been taken into account so far.
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FIG. 1. Schematic pictures for the nonlinear spin
Hall effect in topological Dirac semimetal. (a) The
setup of the system. A lattice strain on the topological Dirac
semimetal (TDSM) is equivalent to the axial magnetic field
B5. An alternating electric field E drives a rectified spin
current J (0) quadratic in E. (b) The electron distribution
in momentum space in response to the electric field E and
the axial magnetic field B5. The distribution is shifted from
the equilibrium distribution (dashed circle) transverse as well
as longitudinal to E at linear response (red solid circle), due
to the regular Hall effect (RHE) under B5. It induces an
imbalance in the Berry curvature Ωsη (small gray arrows),
which leads to the anomalous velocity vasη as the second-order
response in E.
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2In this work, we demonstrate the nonlinear (quadratic)
SHE in TDSM by introducing a lattice strain to the sys-
tem. A lattice strain on a TDSM effectively serves as a
valley-dependent magnetic field, namely the axial mag-
netic field [33–36], which is essential here in filtering the
spin and valley degrees of freedom [see Fig. 1(a)]. We
make use of the chiral kinetic theory, which describes the
dynamics and distribution of the Dirac electrons for each
valley [37–41], and derive the spin Hall current semiclas-
sically up to the second order in the electric field. This
nonlinear SHE can be regarded as the cross effect be-
tween the regular Hall effect (RHE) induced by the axial
magnetic field and the AHE induced by the momentum-
space topology [42–44]: the external electric field to-
gether with the axial magnetic field shifts the electron
distribution in momentum space by the Lorentz force,
and this shifted distribution yields the anomalous veloc-
ity due to the momentum-space Berry curvature, leading
to the spin Hall current in total [see Fig. 1(b)]. We find
that the nonlinear spin Hall current can be tuned by the
gate voltage (electron chemical potential), and can reach
the value comparable to the linear intrinsic spin Hall cur-
rent, at the electric field ∼ 10kV/m. The spin current
generated by this effect is fully spin-polarized and recti-
fied even though the driving electric field is alternating,
which we expect to be useful in designing TDSM-based
spintronic devices.
RESULTS
Topological Dirac semimetal and strain. —
We start with the low-energy effective Hamiltonian for
TDSM,
H(k) = vF [σzτxkx − τyky + ητz(kz − ηkD)] , (1)
with vF the material-dependent Fermi velocity [18, 19].
This minimal Hamiltonian consists of the atomic orbital
degrees of freedom (e.g. Na-3s and Bi-6p for Na3Bi)
labeled by the Pauli matrix τ and the spin (up/down)
degrees of freedom labeled by σ. The Hamiltonian is
linearized around the two DPs, which reside at k =
(0, 0, ηkD) with η = ± respectively. Each DP is doubly
degenerate and is protected by the crystalline rotational
symmetry around z-axis [22]. In the vicinity of the DPs,
the energy eigenvaule for the electron (conduction) band
is given as (k) = vF|k − ηkDeˆz|.
In the absence of nonlinear corrections in k, σz behaves
as a good quantum number, which we denote s = ± or
spin up/down. For each s = ±, the Hamiltonian takes
the same form as that for a WSM with broken TRS.
The topological charge for the valley η with spin s is
νsη = sη; the net topological charge cancels within each
valley and within each spin [23]. This system shows the
intrinsic SHE linear in the electric field, protected by
the Z2 topology, with the spin Hall conductivity σSxy =
(e2/pi2)kD [25].
A lattice strain modifies this Hamiltonian, by generat-
ing additional hopping terms that arise from the lattice
dislocation. This effect can be effectively described as
an axial magnetic field B5 in the vicinity of the DPs,
which is almost equivalent to the normal magnetic field
but couples to each valley with the opposite sign (η) [33–
36]. Such a correspondence is known in various crys-
talline systems such as graphene [45–47]. In TDSMs,
such as Na3Bi and Cd3As2, a screw strain on a nanowire
can generate B5 up to 0.3T [34], and a bending of a thin
film can make it up to 15T [35], which are large enough
to reproduce the Landau quantization. In this work, we
assume that B5 is macroscopically uniform for simplic-
ity, and investigate the electron and spin transport up to
the linear order in B5.
Field-induced current. — In the present work,
we focus on the electron transport driven by the alter-
nating electric field with the frequency ω, defined by
E(t) = 2E0 cosωt, which can account for a linearly po-
larized light as well. We omit the real magnetic field B,
whereas fix the strain-induced axial magnetic field B5
finite and (locally) homogeneous. By solving the Boltz-
mann equation for the electrons in terms of the chiral ki-
netic theory (see Methods), we estimate the driven cur-
rent jsη(t) for each spin s and valley η up to the first
order in B5 and the second order in E0. While the lin-
ear response to the electric field E yields an alternating
current j(±ω)sη , the quadratic response consists of the sec-
ond harmonic part j(±2ω)sη and the stationary (rectified)
part j(0)sη , where the superscript with (·) on a physical
quantity denotes its oscillation frequency.
Up to quadratic response to the electric field, we find
that the stationary part j(0)sη depends only on the spin s
but not on the valley η, namely j(0)sη ≡ (s/4)J (0). As a
result, we obtain no net charge current but a pure spin
current J (0), with its quantization axis taken to Sz. This
stationary spin current consists of the equilibrium part
J (0)eq that is independent of the electric field E0 and the
nonequilibrium part J (0)neq that is quadratic in E0. The
equilibrium spin current
J (0)eq = −
e2
pi2
µB5 (2)
is the axial counterpart of the chiral magnetic effect,
sometimes referred to as the chiral axial magnetic or chi-
ral pseudomagnetic effect [48–50]. It comes from all the
occupied states below the Fermi level, which is robust
against disorder but cannot be taken out of the sample.
On the other hand, the nonequilibrium part is given as
J (0)neq = −
4e2v2F
3pi2µ
τ2
(1 + ω2τ2)2
(B5 ×E0)×E0, (3)
where τ is the relaxation time for all the relaxation pro-
cesses, including the intravalley, intervalley, and spin-flip
processes. This nonequilibrium spin current is carried by
the electrons at the Fermi surface, and can be extracted
3out of the sample. Since this is the spin current that flows
perpendicular to the electric field E0 and is quadratic in
E0, we may call this effect the nonlinear spin Hall effect.
Origin of the nonlinear spin Hall effect. —
This nonlinear spin Hall current can be regarded as the
interplay effect between the regular Hall effect (RHE)
and the anomalous Hall effect (AHE) as follows: Fig-
ure 1(b) shows its schematic picture. At the first order
in the electric field, the Lorentz force by the axial mag-
netic field shifts the distribution fsη(k) for each spin s
and valley η to the direction of −η(B5 × E), which ac-
counts for the RHE. For each k in this shifted distribu-
tion, the anomalous velocity, which accounts for the in-
trinsic AHE in various TRS-broken systems, is given as
vasη ∼ E ×Ωsη ∼ sηE × kˆ, using the k-space Berry cur-
vature Ωsη(k) = sηk/2k
3 around each Dirac point. In-
tegrating the anomalous velocity over the whole k-space,
its contribution to the current can be qualitatively esti-
mated as
jasη = −e
∫
d3k
(2pi)3
vasη(k)fsη(k) (4)
∼ −sηE ×
∫
d3k kˆfsη(k) ∼ sE × (B5 ×E),
which accounts for the nonlinear spin Hall current given
in Eq. (3). In this sense, we can regard the nonlinear SHE
found here as the combination of the RHE and the AHE,
or the interplay between the real-space topology and the
momentum-space counterpart. [The Lorentz force for the
RHE is imprinted in the second term in Eq. (8), while the
anomalous velocity for the AHE appears in the second
term in Eq. (7); see Methods for details.]
How to detect the nonlinear spin Hall cur-
rent. — We are curious if the nonlinear spin Hall
current obtained above can be observed experimentally.
First, we estimate the typical magnitude of this spin cur-
rent J (0)neq, by comparing it with other major spin cur-
rents, namely the equilibrium spin current J (0)eq given
by Eq. (2), and the linear intrinsic spin Hall current
J
(±ω)
int = σ
S
xy(eˆz × E0). As we have mentioned above,
we explicitly supplement the linear intrinsic spin Hall
current here, which is not included in the present chiral
kinetic theory analysis. Although J
(±ω)
int driven by the
AC electric field E(t) is alternating with the frequency
ω, we shall compare it with the stationary spin currents
to see which effect is the most dominant.
Using Eqs. (2) and (3), the ratios among J (0)neq, J
(0)
eq ,
and J
(±ω)
int are given as
J
(0)
neq
J
(0)
eq
=
4
3
(
eE0vFτ
µZω
)2
,
J
(0)
neq
J
(±ω)
int
=
4
3
E0B5
µkD
(
evFτ
Zω
)2
,
(5)
where Zω = 1 + ω
2τ2. Here we employ the material pa-
rameters vF = 0.5×106m/s and kD = 0.95nm−1 observed
in Na3Bi [20], and use the typical values µ = 10meV and
τ = 1ps. If an electric field E0 = 10
4V/m alternating
in frequency ω  τ−1 is applied to a bulk TDSM under
a strain equivalent to the axial magnetic field B5 = 1T,
the ratios among the induced currents are estimated as
J
(0)
neq/J
(0)
eq = 0.33 and J
(0)
neq/J
(±ω)
int = 0.5. From these ra-
tios, we find that the nonlinear spin Hall current becomes
comparable to the other two equilibrium spin currents
under typical strengths of fields, which implies that the
nonlinear spin Hall current is significant enough to be
experimentally measured.
Next, let us check the orientation of the nonlinear spin
Hall current and discuss how it can be detected exper-
imentally. We define z-axis as the center of strain, i.e.
B5 = B5eˆz, and introduce the electric field E0 tilted
from B5 by the angle θ, i.e. E0 = E0(cos θeˆz + sin θeˆx)
[see Fig. 1(a)]. Then the nonlinear spin Hall current
J (0)neq flows in parallel to
− (B5×E0)×E0 = B5E20 sin θ (sin θeˆz − cos θeˆx) . (6)
As we can easily see from this equation, the nonlinear
spin Hall current vanishes when E0 ‖ B5 (i.e. θ = 0, pi).
On the other hand, it is maximized when E0 ⊥ B5 (i.e.
θ = pi/2), flowing in parallel to B5 (z-direction). If E0
is at the intermediate angle, the spin current flows in
x-direction as well as z-direction.
The detection method of the spin current depends on
its direction. The z-component of the spin current, flow-
ing parallel to the screw strain axis, can be easily ex-
tracted from the system by putting a spin-sensitive ma-
terial at the end of this axis. One can make use of a
ferromagnetic metal or semiconductor, in which the in-
jected spin current invokes a spin torque on the mag-
netization, leading to an oscillation or a switching of the
magnetization. Heavy metals such as Pt can also be used,
in which the spin current is converted to a charge cur-
rent via the ISHE. On the other hand, the x-component
of the spin current can be measured without any such
external probes: the spin current flowing in x-direction
can induce a charge current in y-direction via the (in-
trinsic) ISHE in the TDSM itself. Using the spin Hall
angle θSH = σ˜xy/σxx, with σxx the in-plane longitudinal
conductivity of the TDSM, the induced charge current
can be given as j
(0)
ISH = θSHeˆz × J (0)neq. The θ-dependence
shown in Eq. (6) may be checked by these measurements,
with sweeping the direction of the E-field.
DISCUSSION
In this work, we have focused on a strained TDSM
(e.g. Na3Bi, Cd3As2, etc.), and have shown that such
a system shows a significant nonlinear SHE, i.e. an ex-
ternal electric field induces a spin current perpendicu-
lar to the electric field as its quadratic response. This
effect is described effectively by regarding the strain as
the axial magnetic field B5, namely the valley-dependent
magnetic field. The electron transport has been analyzed
4semiclasically in terms of the chiral kinetic theory. The
nonlinear SHE can be understood as the interplay effect
between the RHE due to the axial magnetic field B5 and
the AHE due to the finite Berry curvature in momentum
space. This spin current reaches the magnitude compa-
rable to the intrinsic spin Hall current under the electric
field ∼ 104V/m, and can be successfully tuned via the
gate voltage (electron chemical potential) and the strain
(axial magnetic field). Our finding thus provides an ef-
ficient way to generate a rectified spin current out of an
alternating electric field, which may be useful for spin
injection in future spintronic devices.
We have so far treated the disorder effect in terms of
a single relaxation time τ for simplicity. However, in
a realistic TDSM, the intravalley, intervalley, and spin-
flipping scattering processes should be chracterized by
distinct relaxation times. In particular, it is known that
the O(k3) terms that become significant away from the
DPs violate the conservation of spin Sz, which give rise to
the spin-flip process in the presence of strong scatterers.
We leave the microscopic treatment of such scattering
processes as an open question here.
As we have mentioned in the beginning, since there is
no term that violates the spin symmetry by Sz around
the DPs, each spin block (up/down) of the topological
Dirac Hamiltonian can be regarded as the Weyl Hamil-
tonian with broken TRS. Extracting a single spin block
out of our analysis, it can also account for the transport
in TRS-broken WSMs. In particular, in magnetic WSMs
(e.g. Mn3Sn), an axial magnetic flux resides at a mag-
netic texture, such as magnetic domain walls, vortices,
skyrmions, etc. [51], and its effect on the electronic spec-
trum has been verified both analytically and numerically
[34, 36, 52]. In the presence of such an axial magnetic
field, our analysis implies that there arises the nonlinear
Hall effect, inducing a charge current. While the general
theory of intrinsic nonlinear Hall effect was established
in terms of the momentum-space Berry curvature in the
recent literature [30], our setup also involves the real-
space Berry curvature (axial magnetic field), to which
their theory cannot be applied as it is. It will be an-
other open question to find such theory with the Berry
curvature involving the global phase space.
METHODS
Chiral kinetic theory. — In order to deal with the
electron transport driven by the normal and axial electro-
magnetic fields, we first need to understand the dynamics
of an electron wave packet. The dynamics of its center-
of-mass position r and its gauge-invariant momentum k
measured from the DP [53] is described by the semiclas-
sical equations of motion [54–57],
r˙ =∇k˜sη(k)− k˙ ×Ωsη(k) (7)
k˙ = −eEη − er˙ ×Bη (8)
for each spin s = ± and valley η = ±. Here Eη =
E + ηE5 and Bη = B + ηB5 denote the effective elec-
tromagnetic fields for each valley. Under the alternat-
ing electric field E(t) = 2E0 cosωt and the lattice strain
equivalent to the axial magnetic field B5, the effective
electromagnetic fields are given by
Eη(t) = E0(e
iωt + e−iωt), Bη = ηB5. (9)
One should note that there are several modifications from
the classical (Newtonian) equation of motion: the elec-
tron energy is modified from its band dispersion (k) by
the orbital magnetic moment msη(k) as ˜sη(k) = (k)−
msη(k) · Bη. The momentum-space Berry curvature
Ωsη(k) gives rise to the anomalous velocity −k˙ × Ωsη,
which is the momentum-space counterpart of the Lorentz
force −er˙ ×Bη. In the electron band of the TDSM, i.e.
for (k) = vFk, the quantities mentioned above are given
as
msη(k) = sη
evF
2k
kˆ, Ωη(k) = sη
1
2k2
kˆ. (10)
Since both of them are significant in the vicinity of
the DPs, the nonlinear SHE discussed in this paper,
which arises from these modifications, becomes stronger
at lower Fermi level.
Based on the single-particle dynamics discussed above,
we can describe the collective semiclassical dynamics of
the electrons by the Boltzmann equation,[
r˙ ·∇r + k˙ ·∇k + ∂t
]
fsη(r,k, t) =
(
dfsη
dt
)
coll
(11)
for the electron distribution function fsη(r,k, t) for each
spin s and valley η. The collision term (dfsη/dt)coll
consists of various scattering processes contributing
to relaxation; here we approximate (dfsη/dt)coll =
−[fsη(r,k, t) − f eqsη (k)]/τ with a single relaxation time
τ for simplicity, with which we incorporate spin relax-
ation and intervalley scattering processes as well as the
intravalley process [39]. f eqsη (k) ≡ f eq(˜sη(k)) is the equi-
librium distribution modified by the orbital magnetiza-
tion. Here we work with the chemical potential µ > 0 in
the zero-temperature limit, which gives f eq() = θ(µ−).
We here require the spatial homogeneity of the system,
so that the r-dependence in fsη can be neglected.
By solving the kinetic equations [Eqs. (7) and (8)] and
the Boltzmann equation [Eq. (11)], the current for each
spin and valley can be evaluated by
jsη(t) = −e
∫
d3k
(2pi)3
Dsη(k)r˙fsη(k, t), (12)
where r˙ is given as a function of k for each s and
η by the solution of Eqs. (7) and (8), and the factor
Dsη(k) = 1 + eBη ·Ωsη(k) accounts for the modification
of the phase space volume. The net current, the spin
current, and the valley current can be obtained by com-
bining those {jsη}. We estimate the current up to the
5first order inB5 and the second order inE0; details of the
solution process are shown in the Supplemental Material.
We should note that the intrinsic spin Hall current linear
in E is not included in this formulation, since the loca-
tions of the DPs are not taken into account. In the field
theory description, it is described by the Chern–Simons
(or Bardeen–Zumino) terms [40, 50]. However, since we
are primarily interested in the nonequilibrium current in
response to the electric field, we first ignore it and later
supplement it in the final discussion.
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In this Supplemental Information, we show the details
of our calculation, especially the solution process of the
Boltzmann equation in response to the electric field. We
here employ the perturbative expansion by B5 and ne-
glect the terms beyond O(B15) in all the equations shown
below.
Appendix A: Fourier decomposition of the
Boltzmann equation
In order to estimate the response to the alternating
electric field E(t) = E0(e
iωt+e−iωt), we here decompose
the single-particle equations of motions
r˙ =∇k˜sη(k)− k˙ ×Ωsη(k) (A1)
k˙ = −eEη − er˙ ×Bη (A2)
and the Boltzmann equation[
r˙ ·∇r + k˙ ·∇k + ∂t
]
fsη(r,k, t) = (dfsη/dt)coll (A3)
into the Fourier components with the frequencies
0, ±ω, ±2ω, · · · .
By solving Eqs. (A1) and (A2) for r˙ and k˙, we obtain
Dsηr˙ = v˜sη + eEη ×Ωsη + e(v˜sη ·Ωsη)Bη (A4)
Dsηk˙ = −eEη − ev˜sη ×Bη − e2(Eη ·Bη)Ωsη, (A5)
where v˜sη(k) ≡ ∇k˜sη(k) denotes the group velocity
modified by the orbital magnetization. The momentum-
space Berry curvature Ωsη(k) and the orbital magnetic
moment msη(k) for the eigenstate usη(k) are defined by
Ωsη(k) = −Im 〈∇kusη(k)| × |∇kusη(k)〉 (A6)
msη(k) = −e
2
Im 〈∇kusη| × [Hsη(k)− (k)] |∇kusη〉 ,
(A7)
respectively. As the electromagnetic fields here read
Eη(t) = E0(e
iωt + e−iωt), Bη = ηB5, (A8)
the right-hand sides of Eqs. (A4) and (A5) can be de-
composed into Fourier components as
Dsηr˙ =
∑
ν=0,±1
eiνωtR(νω)sη (A9)
Dsηk˙ =
∑
ν=0,±1
eiνωtK(νω)sη , (A10)
with
R(0)sη = v˜sη + e(v˜sη ·Ωsη)Bη (A11)
R(±ω)sη = eE0 ×Ωsη (A12)
K(0)sη = −ev˜sη ×Bη (A13)
K(±ω)sη = −eE0 − e2(E0 ·Bη)Ωsη. (A14)
Here the superscript in (·) on each physical quantity de-
notes its oscillation frequency.
Similarly, we also apply the Fourier decomposition to
the time-dependent distribution function fsη(k, t), which
is given by
fsη(k, t) =
∑
n∈Z
einωtf (nω)sη (k). (A15)
By using these Fourier components, the Boltzmann equa-
tion[
k˙ ·∇k + ∂t
]
fsη(k, t) = −τ−1
[
fsη(k, t)− f eqsη (k)
]
,
(A16)
which is reduced from Eq. (A3) by the homogeneous and
relaxation-time approximations, can be decomposed as[(
K(0)sη ·∇k
)
+Dsητ
−1
n
]
f (nω)sη −Dsητ−1f eqsη δn0 (A17)
+
(
K(+ω)sη ·∇k
)
f (n
−ω)
sη +
(
K(−ω)sη ·∇k
)
f (n
+ω)
sη = 0,
with τ−1n ≡ τ−1+inω and n± ≡ n±1, for each frequency
nω. Each equation correlates three neighboring Fourier
components of the distribution function; by solving these
equations iteratively, we can estimate the distribution
function at any frequency. Since K(0)sη is independent of
E0 and K
(±ω)
sη is linear in E0, we can easily see from
Eq. (A17) that f
(nω)
sη is of O(E
|n|
0 ) for small E0.
Once we obtain the solution for those equations, we
can evaluate the Fourier components of the current for
each spin and valley as
j(nω)sη = −e
∫
d3k
(2pi)3
[
R(0)sη f
(nω)
sη +
∑
±
R(±ω)sη f
(n∓ω)
sη
]
,
(A18)
which is based on the relation
jsη(t) = −e
∫
d3k
(2pi)3
Dsη(k)r˙fsη(k, t). (A19)
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2In particular, the stationary (DC) current can be given
as
j(0)sη = −e
∫
d3k
(2pi)3
[
R(0)sη f
(0)
sη +
∑
±
R(±ω)sη f
(∓ω)
sη
]
,
(A20)
which we shall use later to estimate the rectified current.
Appendix B: Useful formulae in polar coordinate
Before solving the Boltzmann equation iteratively, we
first list up some formula useful in solving the Boltzmann
equation under the Dirac Hamiltonian. Here we take the
terms up to the second order in E0 and the linear order
in B5.
We mainly use the polar coordinate (k, θ, φ) in the mo-
mentum space, defined by
k = k (eˆx sin θ cosφ+ eˆy sin θ sinφ+ eˆz cos θ) . (B1)
The basis vectors in this coordinate are defined by
kˆ = eˆx sin θ cosφ+ eˆy sin θ sinφ+ eˆz cos θ (B2)
eˆθ = eˆx cos θ cosφ+ eˆy cos θ sinφ− eˆz sin θ (B3)
eˆφ = −eˆx sinφ+ eˆy cosφ, (B4)
and the gradient operator is given by
∇k = kˆ∂k + eˆθ 1
k
∂θ + eˆφ
1
k sin θ
∂φ. (B5)
We should note the following formulae for gradient,
∇kk = kˆ (B6)
∇ka‖ = 1
k
a⊥ (B7)
with a independent of k. Here a‖ and a⊥ are decomposi-
tion of a into the components parallel and perpendicular
to k, respectively, which are explicitly defined by
a‖ ≡ a · kˆ, a⊥ ≡ a− a‖kˆ. (B8)
We also list up several formulae for the angular integral∫
dΩ =
∫
dθ sin θ dφ,∫
dΩ kˆ = 0 (B9)∫
dΩ a‖kˆ =
4pi
3
a (B10)∫
dΩ a‖b‖kˆ = 0 (B11)∫
dΩ a2‖b‖kˆ =
4pi
15
[3(a · b)a− (b× a)× a] . (B12)
The radial integral of the delta functions can be evaluated
as ∫ ∞
0
dk knδ(k − kF) = knF (B13)∫ ∞
0
dk knδ′(k − kF) = −
∫ ∞
0
dk nkn−1δ(k − kF)
(B14)
= −nkn−1F . (B15)
1. Explicit forms for Dirac/Weyl dispersion
For a Weyl electron in the electron band, the Berry
curvature and the orbital magnetic moment, defined by
Eqs. (A6) and (A7), are given by
Ωsη(k) = sη
1
2k2
kˆ, msη(k) = sη
evF
2k
kˆ. (B16)
Thus the phase space volume Dsη and the modified
single-particle energy ˜sη reduce to η-independent forms,
Dsη(k) = 1 + eBη ·Ωsη(k) = 1 + s
eB5‖
2k2
(B17)
˜sη(k) = (k)−msη(k) ·Bη (B18)
= vFk − sevF
2k
B5‖. (B19)
The modified group velocity v˜sη also becomes η-
independent, given as
v˜sη(k) =∇k˜sη(k) (B20)
= vFkˆ + s
evF
2k2
B5‖kˆ − sevF
2k2
B5⊥ (B21)
=
(
1 + s
eB5‖
k2
)
vFkˆ − sevF
2k2
B5. (B22)
The equilibrium distribution under the axial magnetic
field B5 is given as
f eqsη (k) = θ (µ− ˜sη(k)) (B23)
= θ
(
kF − k + s e
2k
B5‖
)
(B24)
' θ(kF − k) + s e
2k
B5‖δ(k − kF), (B25)
with the Fermi momentum kF = µ/vF, which is not per-
fectly symmetric around the DP due to the orbital mag-
netization.
R(νω)sη andK
(νω)
sη defined by Eqs. (A12) and (A14) read
R(0)sη =
(
1 + s
eB5‖
k2
)
vFkˆ (B26)
R(±ω)sη = sηe
1
2k2
E0 × kˆ (B27)
K(0)sη = −ηevFkˆ ×B5 (B28)
K(±ω)sη = −eE0 − se2
E0 ·B5
2k2
kˆ, (B29)
up to O(B15).
32. Linear response
We first derive the linear response to the electric field,
which is represented by f
(±ω)
sη . It can be obtained by
solving Eq. (A17) for n = ±1, which can be explicitly
written as[(
K(0)sη ·∇k
)
+Dsητ
−1
±
]
f (±ω)sη = −
(
K(±ω)sη ·∇k
)
f eqsη ,
(B30)
up to the linear order in E0. Moving the first term on
the left-hand side to the right-hand side, this equation
can be rewritten as
f (±ω)sη = F
(±ω)a
sη + F
(±ω)b
sη (B31)
with
F (±ω)asη = −D−1sη τ±
(
K(±ω)sη ·∇k
)
f eqsη (B32)
F (±ω)bsη = −D−1sη τ±
(
K(0)sη ·∇k
)
f (±ω)sη . (B33)
which can be evaluated iteratively by substituting f
(±ω)
sη
obtained on the left-hand side of Eq. (B31) to the right-
hand side of Eq. (B33). Since K(0)sη is linear in B5, each
iteration yields a term higher by B15 . We should make a
single iteration to reach f
(±ω)
sη up to O(B15).
The first term F
(±ω)a
sη can be given by evaluating
F (±ω)asη ' τ±
(
1− se
2k2
B5‖
)
(B34)
×
[
eE0 +
se2
2k2
(E0 ·B5)kˆ
]
·∇kf eqη ,
where we drop the terms higher than O(B15). The gradi-
ent of f eqsη reads
∇kf eqη =∇k
[
θ(kF − k) + s e
2k
B5‖δ(k − kF)
]
(B35)
=
[
−kˆ + se
2k2
B5 − se
k2
B5‖kˆ +
se
2k
B5‖kˆ∂k
]
δF,
where we employ shorthand notations
δF ≡ δ(k − kF), δ′F ≡ ∂kδ(k − kF), · · · . (B36)
By collecting the terms up to O(B15), we obtain
F (±ω)asη = −eτ±E0‖δF −
se2τn
2k2
B5‖E0‖(δF − kδ′F) (B37)
Since K(0)η is of O(B
1
5), f
(±ω)
sη at O(B05) can be simply
given as
f (±ω)sη = −eτ±E0‖δ(k − kF) +O(B15) (B38)
arising from F
(±ω)a
sη . Therefore, F
(±ω)b
sη up to O(B15) can
be obtained from Eq. (B33) as
F (±ω)bsη ' −D−1sη τ±
(
K(0)sη ·∇k
)
F (±ω)asη
∣∣
B5=0
(B39)
' −ηe2vFτ2±
(
kˆ ×B5
)
·∇k
[
E0‖δF
]
(B40)
= −ηe2vFτ2±
(
kˆ ×B5
)
·
[
1
k
E0⊥δF + E0‖δ′Fkˆ
]
(B41)
= −ηe2vFτ2±
(
kˆ ×B5
)
·E0 1
k
δF (B42)
= −ηe2vFτ2±
1
k
(B5 ×E0)‖ δF, (B43)
where one should note that kˆ × B5 is perpendicular to
kˆ.
By collecting Eqs. (B37) and (B43), f
(±ω)
η (k) reads
f (±ω)sη (k) = −eτ±E0‖δF − η
e2vFτ
2
±
k
(B5 ×E0)‖δF
(B44)
− se
2τ±
2k2
E0‖B5‖(δF − kδ′F),
up to O(E10 , B
1
5). The first term in [· · · ] represents the
shift of the distribution from the drift by E(t), while the
second term gives the shift from the regular Hall effect
by the axial magnetic field B5 and the normal electric
field E(t). The third term has a complicated structure:
it gives a quadrupolar distribution in k-space unless E0
and B5 are exactly parallel. It arises as the modification
to the first (drift) term from the Berry curvature and the
orbital magnetic moment. This term represents the effect
of the chiral anomaly: it modifies the electron density,
whose deviation from equilibrium is given by
δρsη(t) =
∫
d3k
(2pi)3
Dsη(k)
∑
±
e±iωtf (±ω)sη (k) (B45)
− se
2
4pi2
2τ
1 + ω2τ2
E0 ·B5(cosωt+ ωτ sinωt), (B46)
where we have used∫
d3k
(2pi)3
Dsη(k)f
(±ω)
sη (k) = −s
e2τ±
4pi2
E0 ·B5. (B47)
We can see that the induced electron density δρsη(t) for
each valley/spin satisfies the continuity equation[
∂t +
1
τ
]
δρsη(t) = −s e
2
4pi2
B5 ·E(t), (B48)
modified by the chiral anomaly, noting that E(t) =
2E0 cosωt. Although there is no spin flip term in
the original Hamiltonian (except for the k3 terms), the
anomaly violates spin conservation if B5 ·E0 6= 0, leading
to the spin polarization oscillating with the frequency ω.
43. Quadratic response
Next we solve Eq. (A17) for n = 0 to evaluate the
stationary distribution f
(0)
sη up to the second order in E0.
The equation can be explicitly written as[(
K(0)sη ·∇k
)
+Dsητ
−1
]
δf (0)sη = −
∑
±
(
K(∓ω)sη ·∇k
)
f (±ω)sη ,
(B49)
where δf
(0)
sη ≡ f (0)sη − f eqsη . Similarly to Eq. (B31), this
equation can be rewritten as
δf (0)sη = F
(0)a
sη + F
(0)b
sη (B50)
with
F (0)asη = −D−1sη τ
∑
±
(
K(∓ω)sη ·∇k
)
f (±ω)sη (B51)
F (0)bsη = −D−1sη τ
(
K(0)sη ·∇k
)
δf (0)sη , (B52)
which can again be evaluated iteratively.
Evaluation of F
(0)a
sη is lengthy but straightforward.
The gradient of f
(±ω)
sη is given as
∇kf (±ω)sη = −eτn
(
1
k
E0⊥δF + kˆδ′F
)
(B53)
+
se2τn
k3
B5‖E0‖kˆ
(
δF − kδ′F +
k2
2
δ′′F
)
− se
2τn
2k3
(
B5⊥E0‖ +B5‖E0⊥
)
(δF − kδ′F)
− ηe
2vFτ
2
n
k2
[
(B5 ×E0)δF + (B5 ×E0)‖(−2δF + kδ′F)
]
.
Substituting this form into Eq. (B51) and collecting the
terms up to O(B15), we obtain
F (0)asη = −
2e2ττ∗
k
[
(E20 − E20‖)δF + E20‖kδ′F
]
(B54)
+
se3ττ∗
k3
[
−(E0 ·B5)E0‖δF + E20B0‖kδ′F
+ E20‖B5‖(3δF − 3kδ′F + 2k2δ′′F)
]
+
2ηe3vFττ
2
∗∗
k2
(B5 ×E0)‖E0‖(2δF − kδ′F),
where τ∗ and τ∗∗ are defined as
τ∗ =
1
2
(τ+ + τ−) = τ
1
1 + ω2τ2
(B55)
τ2∗∗ =
1
2
(
τ2+ + τ
2
−
)
= τ2
1− ω2τ2
(1 + ω2τ2)2
. (B56)
Since K(0)η is of O(B
1
5), δf
(0)
sη at O(B05) is given by the
first line in Eq. (B54). Therefore, by substituting this
part to Eq. (B52), we obtain
F (0)bsη ' −D−1sη τ
(
K(0)sη ·∇k
)
δF (0)asη
∣∣
B5=0
(B57)
' −2ηe3vFτ2τ∗(kˆ ×B5)
·∇k
[
(E20 − E20‖)k−1δF + E20‖δ′F
]
= −2ηe3vFτ2τ∗(kˆ ×B5) · E0‖E0
[
− 2
k2
δF +
2
k
δ′F
]
(B58)
=
4ηe3vFτ
2τ∗
k2
(B5 ×E0)‖E0‖(δF − kδ′F). (B59)
Collecting Eqs. (B54) and (B59), we obtain the station-
ary response δf
(0)
sη .
Appendix C: Stationary current
Finally, we calculate the nonlinear stationary current
from the distribution functions obtained above. From
Eq. (A20), we split the stationary current j(0)sη into three
parts,
j(0)sη = j
(0)eq
sη + j
(0)a
sη + j
(0)b
sη , (C1)
with
j(0)eqsη = −
e
(2pi)3
∫
d3k R(0)sη (k)f
eq
sη (k) (C2)
j(0)asη = −
e
(2pi)3
∫
d3k R(0)sη (k)δf
(0)
sη (k) (C3)
j(0)bsη = −
e
(2pi)3
∫
d3k
∑
±
R(±ω)sη (k)f
(∓ω)
sη (k). (C4)
Here j(0)eqsη accounts for the equilibrium current that is
present even in the absence of the electric field E(t),
whereas the other two are nonequilibrium current driven
by the electric field; j(0)asη comes from the stationary dis-
tribution f
(0)
sη and the drift velocity R
(0)
sη , while j
(0)b
sη is
from the oscillating distribution f
(∓ω)
sη and the anomalous
velocity R(±ω)sη .
The equilibrium current j(0)eqsη can be straightforwardly
evaluated as
j(0)eqsη = −
evF
(2pi)3
∫
d3k
(
1 +
se
k2
B5‖
)
(C5)
×
[
θ(kF − k) + se
2k
B5‖δ(k − kF)
]
kˆ
= −se
2vF
4pi
kFB5 = −se
2µ
4pi
B5, (C6)
which accounts for the chiral axial (pseudo) magnetic
effect under the axial magnetic field B5, given by J
(0)
eq in
the main text.
5j(0)asη can be obtained by evaluating the k-space inte-
gral
j(0)asη = −e
∫
d3k
(2pi)3
R(0)sη (k)δf
(0)
sη (k) (C7)
= −evF
∫
d3k
(2pi)3
kˆ
(
1 +
se
k2
B5‖
)
δf (0)sη (k). (C8)
In the integrand function(
1 +
se
k2
B5‖
)
δf (0)sη (k), (C9)
the terms surviving after the angular integral can be ex-
tracted, by using the angular integral formulae Eq. (B9)-
(B12), as
se3ττ∗
k3
[
−(E0 ·B5)E0‖δF + E20B0‖(−2δF − kδ′F)
+ E20‖B5‖(5δF − 5kδ′F + 2k2δ′′F)
]
. (C10)
By evaluating the angular and radial integrals, we obtain
j(0)asη =
se4vFττ∗
(2pi)3kF
[
(E0 ·B5)4pi
3
E0 + 2E
2
0
4pi
3
B5 (C11)
− 5
(
4pi
5
(E0 ·B5)E0 − 4pi
15
(B5 ×E0)×E0
)]
= −se
4vFττ∗
6pi2kF
(B5 ×E0)×E0, (C12)
where we have used the vector triple product relation
(B5 ×E0)×E0 = (E0 ·B5)E0 − E20B5. (C13)
j(0)bsη is given by the k-space integral
j(0)bsη = −e
∫
d3k
(2pi)3
∑
±
R(±ω)sη (k)f
(∓ω)
sη (k) (C14)
= −sηe2E0 ×
∫
d3k
(2pi)3
kˆ
1
2k2
∑
±
f (∓ω)sη (k). (C15)
In the integrand function
1
2k2
∑
±
f (∓ω)sη (k), (C16)
the term surviving after the angular integral can be ex-
tracted as
−ηe2vFτ2∗∗
1
k3
(B5 ×E0)‖ δF. (C17)
By evaluating the angular and radial integrals, we obtain
j(0)bsη =
se4vFτ
2
∗∗
(2pi)3kF
E0 × 4pi
3
(B5 ×E0) (C18)
= −se
4vFτ
2
∗∗
6pi2kF
(B5 ×E0)×E0. (C19)
By collecting Eqs. (C12) and (C19), we obtain the final
form given in the main text.
